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I. INTRODUCTION  
Consider the general third order ordinary differential equations (ODEs) using power series of order seven given of the form 

𝑦(𝑡) = ∑ 𝑎𝑗
𝑘
𝑗=0 𝑡𝑗                                                                                                                                              (1) 

Which is recommend as general third order derivative solution of initial value problems of the form 

 𝑦′′′(𝑡) = 𝑓(𝑡, 𝑦, 𝑦′, 𝑦′′), 𝑦(𝑡0) = 𝑦0, 𝑦′(𝑡0) = 𝑦′0, 𝑦′′(𝑡0) = 𝑦0′′                                                                   (2) 

 

In particular, third order ordinary differential equations arise in many physical problems such as electromagnetic waves, 

thin film flow, and gravity-driven flows. The solution of (2) has been discussed by various researchers among them are: 

Dalatu et al. [1] developed a hybrid block method for solving third-order derivative with initial value problems of ordinary 

differential equations. Ghadimi [2] developed a multi-step predictor-corrector method for delay differential equations. 

Atabo et al. [3] developed a selected single step hybrid block formula for solving third-order ordinary differential equations 

with application in thin film flow. Saidu, [4] introduced three members of a one-step optimized third derivative hybrid 

block methods family for solving general second-order initial value problems. Raymond et al. [5] proposed an optimized 

half-step scheme third derivative method for testing higher order initial value problems. Soomro et al. [6] developed an 

optimized hybrid block Adam method for solving first order ordinary differential equations. Adam block method was 

design for the solution of linear and nonlinear first-order initial value problems in ordinary differential equations. Moses 

and Akintoye [7] developed an advanced two-step block method that integrates optimization techniques to enhance solution 

accuracy for third-order differential equations. Sabo et al. [8] developed the simulation of linear block algorithm for 

modelling third order highly stiff problem without reduction to a system of first order ordinary differential equation to 

address the weaknesses in reduction method Babatunde [9] proposed optimization strategies in hybrid methods, focusing 

on error minimization and enhanced convergence for higher-order ordinary differential equations. Sadiq and Ahmed [10] 

introduce a class of two-step hybrid block methods for solving third-order differential equations. The authors optimized 

the block method by incorporating error minimization strategies and improving computational efficiency. 

 

The paper was organized as follows: the next section shows the methodological development of the optimized two-step 
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Abstract 

In this research article, a hybrid technique with two-step optimization for handling general third-order ordinary 

differential equations is derived and implemented. The method was designed with the use of interpolation and a 

collocation approach, using power series as the basis function. We investigate the method’s properties, such as order, 

convergence, consistency, zero-stability and region of absolute stability. The methods were tested on some third 

order ODEs problems and the outcome from the numerical examples showed that the new methods in the study 

performed better than those compared with in the literature. 

Keywords: Two-step, Third Derivative, Optimized hybrid block, Local Truncation Error . 

https://doi.org/10.5281/zenodo.16791498


ICON Journal of Engineering Applications of Artificial Intelligence 

Citation: Joshua, S. (2025). A Hybrid Block Technique with Two-Step Optimization for Handling General Third Order Ordinary 
Differential Equations. In ICON Journal of Engineering Applications of Artificial Intelligence (Vol. 1, Number 2, pp. 09–17). 
https://doi.org/10.5281/zenodo.16791498 

  

 

method. The basic conditions of the method are analyzed; these are convergence and stability region, numerical 

experiments. The effectiveness of the scheme is confirmed on some samples and the result is discussed in Section 3. Section 

4 is the conclusion. 
 

2. Derivation of the Methods 
To derive the pair of two-step third derivative methods, the finite power series function of the form 

𝑦(𝑡) = ∑ 𝑎𝑗
9
𝑗=0 𝑡𝑗

                                                                                                                                           (2) 

is used as basis function.

 By differentiating equation (2) thrice gives 

 

𝑦′′′(𝑡) = ∑ 𝑗(𝑗 − 1)(𝑗 − 2)𝑎𝑗𝑡
𝑗−39

𝑗=0

                                                                                                             (3) 

Substituting (3) into (1) gives 

𝑦′′′(𝑡) = 𝑓(𝑡, 𝑦, 𝑦′, 𝑦′′) = 𝜆0𝜃0 + ℎ𝜆1𝜃′𝑛 + ℎ
2𝜆2𝜃′′𝑛 + ∑𝑗(𝑗 − 1)(𝑗 − 2)𝑎𝑗𝑡

𝑗−3

9

𝑗=0

 

, 𝑖 = 1. . . . . ,3                                                                                                                                                                        (4) 
 

Interpolating (2) and it first and second derivative at nt  and collocating (4) at all points 

( )2,,,1,,,0, usvrhtt nn =+=+  , gives 
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                                                            (5) 

 

Equation (5) is solved for unknowns by applying the Crammer’s method gives the coefficient 

 

( )( )910=jj  yield the continuous hybrid scheme which is given by 

𝑦′(𝑡) = 𝜆0𝜃𝑛+𝑖 + ℎ𝜆1𝜃′𝑛+𝑖 + ℎ2𝜆2𝜃′′𝑛+𝑖 + ℎ3 [
𝜆3𝜇𝑛 + 𝜆4𝜇𝑛+𝑟 + 𝜆5𝜇𝑛+𝑣 + 𝜆6𝜇𝑛+1 +
𝜆7𝜇𝑛+𝑠 + 𝜆8𝜇𝑛+𝑢 + 𝜆9𝜇𝑛+2

]                                 (6)
 

The coefficient of in+ , 0=i  and , 0, , ,1, , , 2n j j r v s u + =  gives 

𝜃𝑛+𝑗 = 𝜆0𝜃𝑛 + ℎ𝜆1𝜃′𝑛 + ℎ
2𝜆2𝜃′′𝑛 + ℎ

3 [
𝜆3𝜇𝑛 + 𝜆4𝜇𝑛+𝑟 + 𝜆5𝜇𝑛+𝑣 + 𝜆6𝜇𝑛+1 +
𝜆7𝜇𝑛+𝑠 + 𝜆8𝜇𝑛+𝑢 + 𝜆9𝜇𝑛+2

]                                             (7) 
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                                                                                                                                (8) 

The first and second derivative of equation (6) is given by 
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By putting k=1 in (8) we get a multistep formula to approximate the solution of (1) at the point 1nt + that is given by 
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                           (11) 

Expanding equation (11) using Taylor series around the point 
nt which we gives the corresponding local truncation error 

as 
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We optimized (12) to gives a new value of v by equating it to zero, keeping r, s, u as free parameter by assigning the values 

3

5
,
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4
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3

1
=== usr   in (12) we obtain

179

101
=v .    Substituting the values of , ,v s u  and r  into equations (5) gives 

three equations, one for approximating the approximate solution and the other two for approximating the first and second 

derivative at all points which after employing Gauss elimination methods and evaluating the coefficient gives the general 

equations in block form 
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3. Analysis and implementation 
In this subsection, analysis of basic properties of the newly derived methods shall be carried out. These properties include 

order and error constant, local truncation error, consistence, zero-stability, convergence, stability polynomial and region of 

absolute stability.  
 

3.1 Orders and Error Constants 
Consider the linear operator L associated with the implicit hybrid block methods defined as 

( )  ( ) ( ) 
=

+−+=
k

j
njnjn jhthjhthtL

0

3 ''':   

Where ( )nty is an arbitrary test function that is continuous and differentiable in the interval  [a, b]. Obtaining the Taylor 

series expansions of ( )jhtn +  and ( )jhtn +'''  about nt and collecting the coefficient of 
ph gives; 

( )  ( ) ( ) ( ) ( )( ) .............''': 2
211 +++++= n

pp
pnnnn thcthcthctchtL 

                
 

Where sc j '  for j = 0, 1, 2, 3….  [11] 

From (13), the linear multistep method has order p if 
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3.2 Zero Stability of the Block Method 

The new block method is zero stable if the first characteristic polynomial  ( ) 0det
0

)( =






= 

=

−k

j

iki wAw  and satisfies 

1jw  
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Solving the characteristic equation gives  

( ) ( ) 1,1,1,0,0,0,0,0,0.0,0,0,0,0,0,0,0,0,0
3

1
15

==−= wwww  

Therefore, 11,1,1,0,0,0,0,0,0.0,0,0,0,0,0,0,0,0 =iw   the method is zero-stable. 

 

3.3. Consistency 
The optimized scheme is consistent, [12] since it has order more than or equal to one. 
 

3.4 Convergence of the method 
The optimized scheme is said to be convergent if and only if it is consistent and zero stable, [13]. Since the method is 

satisfies the two conditions, then the method converges 
 

3.5. Zero Stability of Our Method 

Definition: A third derivative optimized scheme is said to be zero-stable, if the roots , , v,1, , , 2i r s uw
i

=  of the first 

characteristic polynomial ( ) 0w =  that is 

( ) ( )det 0

0

k
i k iw A w

j



 
− = =

 
= 

  satisfies 1w   and for those roots with  1iw =  multiplicity must not exceed two. Hence, 

our method is zero-stable, [14]. 
 

3.5 Stability Polynomial 
The stability polynomial of our method is given by 
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The absolute stability region of the method is plotted and shown in figure1 

 
                     Figure1. The Region of Absolute Stability of the method 

 

3.6 Numerical Examples 
Problem 1 

Consider the initial value problem below ( ) ( ) ( ) ,
100

1
:10'',00',10,0'''''' =−====−+− hyyyyyyy Exact 

Solution ( ) xxy cos=  

Source: Tumba et al. (2021) 

Example2. Consider the highly non-stiff third order ordinary differential equation 

( ) ( ) ( ) ( ) ( )
10

1
:20'',00',10,cos3''' ===== hyyyxxy  

The exact solution given by ( ) ( ) 13sin32 ++−= xxxxy  

Source: Taparki et al. (2010) 

 

Problem 3 

Consider a highly stiff problem  

,10'',00',10,03'7''5''' −====+++








































 yyyyyyy  Exact Solution: 
10
1, =

−
+

−
=






 h

x
ex

x
exy  

Source: Tumba et al. (2021) 
 

Table1. Showing the comparison of absolute error in our method with Raymond et al. [5] for problem two 

x Exact solution Computed solution Error in our method Err in Raymond et al [5] 

0.1 0.9999500004166652778 0.9999500004166652772 4.00e-20 2.55208e-12 

0.2 0.9998000066665777781 0.9998000066665777788 3.00e-20 3.64210e-12 

0.3 0.9995500337489875167 0.9995500337489875168 1.00e-20 4.5313e-12 

0.4 0.9992001066609779401 0.9992001066609779405 6.00e-20 1.3406e-12 

0.5 0.9987502603949662466 0.9987502603949662463 3.00e-20 3.28547e-12 

0.6 0.9982005399352041655 0.9982005399352041655 6.00e-20 4.59125e-12 

0.7 0.9975510002532795742 0.9975510002532795746 1.10e-19 5.47318e-12 

0.8 0.9968017063026193848 0.9968017063026193845 1.31e-19 1.96524e-12 

0.9 0.9959527330119942539 0.9959527330119942530 9.00e-19 2.34526e-12 

1.0 0.9950041652780257660 0.9950041652780257654 1.60e-19 2.55587e-12 
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Table2. Showing the comparison of absolute error in our method with Taparki et al. [15] for problem three 

x Exact solution Computed solution Error in our method Error in Taparki et al. [15] 

0.1 1.01049975005951554310 1.01049975005951552960 1.350e-17 2.4800e-07 

0.2 1.04399200761481635360 1.04399200761481628590  6.770e-17 7.3740e-06 

0.3 1.10343938001598127470 1.10343938001598109520  1.795e-16 6.0542e-05 

0.4 1.19174497307404852500 1.19174497307404811040 4.146e-16 2.5479e-04 

0.5 1.31172338418739099920 1.31172338418739022780 7.714e-16 7.7602e-04 

0.6 1.46607257981489392840 1.46607257981489259380 1.334e-16 1.9261e-03 

0.7 1.65734693828692683900 1.65735020063250070330 3.262e-06 4.1505e-03 

0.8 1.88793172730143171510 1.88794794834400722260 1.622e-05 8.3637e-03 

0.9 2.16001927111754983460 2.15991439240417582420 1.048e-04 1.4774e-02 

1.0 2.47558704557631048000 2.47511682136265474470 4.702e-04 2.4702e-02 

 
Table3. Showing the comparison of absolute error in our method with Tumba et al. [16] for problem two 

x Exact solution Computed solution Error in our method Err in Tumba et al. [16] 

0.1 0.9953211598395555308 0.9953211598395558739 3.4311e-16 1.0434e-14 

0.2 0.9824769036935782300 0.9824769036935797036 1.47296e-15 9.8731e-14 

0.3 0.9630636868862332259 0.9630636868862359300 2.70461e-15 3.1317e-13 

0.4 0.9384480644498950214 0.9384480644498990435 4.02221e-15 6.6668e-13 

0.5 0.9097959895689501350 0.9097959895689551975 5.06255e-15 1.1507e-12 

0.6 0.8780986177504422921 0.8780986177504482366 5.94415e-15 1.7445e-12 

0.7 0.8441950164453961749 0.8441950164454026430 6.46881e-15 2.4220e-12 

0.8 0.8087921354109988647 0.8087921354110056593 6.79516e-15 3.1554e-12 

0.9 0.7724823535071383127 0.7724823535071451207 6.8083e-15 3.9178e-12 

1.0 0.7357588823428846430 0.7357588823428913075 6.66385e-15 4.6852e-12 

 

4. Conclusion 
A hybrid technique with two-step optimization for handling general third-order ordinary differential equations was 

proposed using scientific workplace 5.5 versions for the derivation. The method is applied in block form and when 

analyzing the properties of the method, it was found to be zero-stable, consistent, and convergent. Also, the order and error 

constant are established. 

It can be seen from the Table 1, 2, and 3 that our method performance better than the existing method of [14] and [15] 

when solving similar examples. 
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