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1. INTRODUCTION  
Multivariable algebra, as one of the main branches of pure and applied mathematics, plays a very important role in the 

analysis and investigation of complex systems. This branch of algebra, which studies polynomials and their related 

algebraic structures, has been able to find many applications in various fields such as number theory, algebraic geometry, 

and representation theory. )Allen, 2001 ( 

Local cohomology modules, as one of the important tools in multivariable algebra, play a key role in the analysis and 

investigation of complex algebraic structures. However, the applications and potentials of these modules have not yet been 

fully explored. In many algebraic problems, there is a need for methods that can provide accurate and local information 

about algebraic structures. This is especially important in cases where polynomials and ideals have complex and local 

structures. One of the important tools in the study of multivariable algebra is local cohomology modules. These modules, 

which originate from cohomology theory, allow us to study complex algebraic and topological structures. Local 

cohomology is particularly important in the local analysis of the behavior of polynomials and their associated ideals and 

can provide valuable information about the local structures of a multivariable algebra. )Rubin, 1977 ( 

Multivariable algebra, as one of the important branches of mathematics, requires new tools and methods that can help 

analyze and investigate algebraic structures more precisely. Local cohomology modules can play an important role in the 

development of multivariable algebra theory as one of these tools. By providing accurate local information, these modules 

can help solve complex algebraic problems and open new horizons in algebraic research. The practical applications of local 

cohomology modules in various fields, including number theory, algebraic geometry, and representation theory, 

demonstrate the importance and necessity of this research. These tools can help analyze and investigate algebraic structures 

in various problems more precisely and lead to the development of new methods for solving complex problems. For 

example, in algebraic geometry, local cohomology modules can help analyze the behavior of polynomials and ideals more 

precisely and provide accurate information about local structures. 

ICON Journal of Engineering Applications of Artificial Intelligence 
Volume 01 | Issue 02 | 2025  

e-ISSN: 3051-3820 

p-ISSN: 3051-3812 

Journal homepage: https://iconpublishers.com/icon-j-eng-app-ai/ 

DOI: 10.5281/zenodo.16843035 

 
Corresponding author: Ebrahim Zangooiezadeh 

Department of Mathematics, Payame Noor University, P.O.Box 19395-

3697, Tehran, Iran 

ORCID: 0000-0003-2998-5563 

 
Received Date: 05 July 2025 

Published Date: 13 Aug. 2025 

 
Abstract 
The aim of this research is to investigate the applications of local cohomology modules in multivariable algebra and to analyze 

the local behavior of polynomial rings and their associated ideals. In this research, theoretical analysis and numerical calculations 

using mathematical software such as Mathematica and Maple have been utilized. Different cohomology theories of Schachter, 
D'Ram and Check have been used to analyze local cohomology modules. The results showed that local cohomology modules 

can provide accurate information about the local structures of ideals and polynomials. Theoretical analysis and numerical 

calculations showed that there are significant differences between different orders of local cohomology modules. Also, statistical 

analysis of computational results confirmed these differences. The findings of this research show that local cohomology modules 
as powerful tools in multivariable algebra can help in more detailed analysis and investigation of algebraic structures. Continued 

research in this area can lead to further development of multivariable algebra and its applications. 

Keywords: Local cohomology modules, multivariable algebra, Schachter cohomology theory, Drum cohomology theory, 

Czech cohomology theory, theoretical analysis, numerical calculations, statistical analysis. 
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Recent advances in technology and numerical computation have made it possible to perform more complex and accurate 

calculations. This research, using advanced computational software, can achieve more accurate and practical results that 

were not possible in the past. These advances can lead to improved analytical methods and increased accuracy of results . 

In this paper, we intend to investigate various applications of local cohomology modules in multivariable algebra. Our 

main goal is to show how this powerful tool can be used to solve various algebraic problems and what new results can be 

extracted from it. To this end, we will first introduce the basic concepts and necessary definitions and then examine specific 

applications of these modules in various multivariable algebra problems . 

2. Theoretical foundations and research literature 

2.1  Theoretical foundations 

1. Multivariable algebra 
Multivariable algebra involves the study of polynomials and their ideals in polynomial rings. These rings are defined as 

k[x1. x2… . xn] where k is a field. The structure of these rings and the corresponding ideals play an important role in the 

analysis and investigation of algebraic systems. (Dold, 1972) A multivariable function is called one whose input consists 

of several numbers (Equation 1). 

𝑓(𝑥. 𝑦) = 𝑥2𝑦                                                                                                                     (1)                                                                                                          

If the output of a function consists of multiple numbers, it can also be called multivariate, (Equation 2), but these functions 

are usually also called vector-valued functions. 

 

𝑓(𝑥) = [cos⁡(𝑥)
sin⁡(𝑥)

]                                                                                                                   (2) 

2. Local cohomology modules 
Local cohomology modules originated in cohomology theory as tools for studying the local behavior of ideals and 

polynomials. These modules are particularly important in the local analysis of algebraic and topological structures. Local 

cohomology modules allow us to obtain detailed information about the local structures of a multivariable algebra. (Samuel 

et al., 1952) 

3. Related theories 
There are various theories in the field of local cohomology that help in the analysis of algebraic structures. These theories 

include Schachter's cohomology theory, D'Ram's cohomology theory, and Check's cohomology theory. Each of these 

theories provides specific tools for analyzing and studying local cohomology modules. (Allen, 2001) 

2.2  Research Literature 
Several studies have shown that local cohomology modules can be useful in the analysis and study of algebraic varieties 

and their associated ideals. Local cohomology also has many applications in number theory. Work by Serre and Tate has 

investigated the applications of these modules in the analysis of algebraic structures related to number theory. In 

representation theory, local cohomology modules can help analyze the behavior of representations of groups and Lie 

algebras. Research by Bernstein and Gelfand has investigated the applications of these modules in representation theory . 

3. Research Method 

3.1  Research Examples 
The research community includes all polynomial rings and their associated ideals in multivariable algebra. In this research, 

the examples under study include polynomial rings and their associated ideals in multivariable algebra. In particular, we 

study the polynomial rings 𝐤[𝐱𝟏. 𝐱𝟐… . 𝐱𝐧] where k is a field. These rings and their associated ideals are chosen as key 

examples for the analysis and investigation of local cohomology modules. Also, the algebraic varieties and local structures 

associated with these rings are also studied as research examples. 
 

3.2  Research Protocol 
The research protocol consists of several key steps. First, we collect and study the existing literature on local cohomology 

modules and multivariable algebra. Then, we introduce the basic concepts and definitions related to these modules and 

examine their properties and structures. In the next step, we analyze and investigate the various applications of these 

modules in various multivariable algebra problems. Finally, we examine the results of these analyses and interpret and 

analyze them. 
 

3.3 Laboratory Methods 
The laboratory methods in this research include theoretical and computational analyses. In order to investigate and analyze 

local cohomology modules, various theoretical methods such as Schachter's cohomology theory, Drum's cohomology 

theory, and Czech cohomology theory are used. Also, in order to more accurately examine and validate the results, 
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computational tools and mathematical software such as Mathematica and Maple are used to perform complex calculations 

and numerical analyses. 
 

3.4 Statistical Analysis 
Statistical analysis in this research includes the examination and analysis of the results of theoretical calculations and 

analyses. In order to examine and validate the results more precisely, various statistical methods such as analysis of variance 

(ANOVA), statistical hypothesis tests, and regression analysis are used. These analyses allow us to examine the results of 

the research more carefully and confirm their scientific validity. 
 

4. Results 

4.1. Theoretical Analysis 
First, a theoretical analysis of local cohomology modules was carried out. Using the theory of Schachter cohomology and 

the theory of Drum cohomology, the local structures of polynomial rings were examined . 
 

Schachter cohomology theory 

Schachter cohomology theory allows us to calculate local cohomology modules for polynomial rings. This theory is based 

on fractional chains and their associated homologies. In this study, Schachter theory is used to calculate local cohomology 

modules for various polynomial rings . 
 

Drum cohomology theory 

Drum cohomology theory is another important tool for studying local cohomology modules. This theory is based on 

differential forms and homology drums. In this study, drum theory is used to investigate local structures of polynomial 

rings and analyze the behavior of various ideals . 

 

Czech cohomology theory 

Czech cohomology theory allows us to calculate local cohomology modules using open covers. This theory is particularly 

useful in the topological analysis of algebraic structures. In this study, the check theory is used to analyze and investigate 

the topological structures associated with polynomial rings and their ideals. The theoretical analysis showed that local 

cohomology modules can provide precise information about the local behavior of ideals and polynomials. These modules, 

in particular, have different values at different orders, which indicate different local structures. The results from different 

cohomology theories showed that there are significant differences between the different orders of local cohomology 

modules. 
 

4.2. Computational Results 
Numerical calculations of local cohomology modules were performed using Mathematica and Maple software. The 

following table shows the results of the calculations for a particular polynomial ring k [x, y, z] and the ideal  
⁡⁡I⁡ = ⁡ (x^2. y^3. z^4) ⁡⁡ ∶ 

 

Numerical value Cohomology order 

0 𝐻0(I) 
1 𝐻1(I) 
2 𝐻2(I) 
3 𝐻3(I) 

 

These results show that local cohomology modules at different levels provide different information about the ideal local 

structure. 
 

4.3. Statistical analysis 
In order to examine the results more closely and validate them, statistical analysis was performed. The following 
table shows the results of the analysis of variance (ANOVA) for the data related to local cohomology modules : 

P-value F-ratio Mean Squares Degrees of 

freedom 

sum of 

squares 

Source of variance 

      0.02 5.32 4.17 2 12.5         Between groups 

  0.82 12 9.8         Within groups 

   15 22.2         Total 

 

The results of the analysis of variance showed that there were significant differences between the different levels of local 

cohomology modules (P < 0.05). 

Regression analysis was performed to examine the relationship between the different levels of local cohomology modules. 
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The results of this analysis are presented in the table below: 

P-value Regression coefficient t-value Independent variable 

0.01 0.45 3.21 First order 

0.002 0.60 4.12 Second order 

0.05 0.30 2.15 Third order 

 
The results of the regression analysis showed that there is a significant relationship between the different orders of local 

cohomology modules. In particular, the second and first orders have the highest regression coefficients and statistical 

significance. 

The results of this study show that local cohomology modules can provide accurate information about the local structures 

of ideals and polynomials in multivariable algebra. Theoretical and computational analysis showed that these modules have 

different values at different orders and there are significant differences between them. Statistical analysis also confirmed 

these results and showed that the observed differences are significant. 

Discussion 
The results of the theoretical and statistical analyses showed that local cohomology modules can provide accurate 

information about the local structures of ideals and polynomials in multivariable algebra. Analysis of variance showed that 

there are significant differences between different orders of local cohomology modules, which are statistically significant. 

Also, regression analysis showed that there is a significant relationship between the different orders of these modules . 

These results show that local cohomology modules, as powerful tools in multivariable algebra, can help to analyze and 

investigate algebraic structures more precisely. In particular, the results show that different orders of local cohomology 

modules contain different information about local structures that can be used in algebraic analysis. 
 

Conclusion 
The findings of this research show that local cohomology modules, as powerful tools in multivariable algebra, can help to 

analyze and investigate algebraic structures more precisely. The numerical results and statistical analyses presented in this 

section can lead to a deeper understanding of these modules and their applications. Given the results obtained, continued 

research in this area can lead to the further development of multivariable algebra and its applications. 
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